(ii) The trajectories of 'V are In fact it is from this point of view that P. Mostert has dealt with the former problem and determined it to a large extent [1] . It must 1) The word singularity means that $V$ may have not only $0$ -points, but also a kind of discontinuity.
be added that T. Nagano has contributed to further investigation of this problem and gained excellent and much sharper results [2] .
But the latter problem has attracted little attention and hardly any paper has been written from this point of view. One of the main objectives of the present paper is to solve the latter problem (in a form enlarged to a Finsler case).
On the other hand, the present author has proved that the vector field described in Property II is reduced to a special kind of the torseforming vector field discovered by K. Yano (see [21] ), where the torseforming vector field means on which describes a torse when developed along a curve by the Levi-Civita parallelism [3] or [4] . Then $W=FV$ in $U\cap K$ , provided that a torse-formin vector field in the local sense means one satisfying a differential equation: $W_{i;j}=Cg_{ij}+DW_{i}W_{j}$ with a condition: $A_{ijk}W^{k}=0$ for suitable point-functions $C$ and $D$ defined over $U$ .
In addition to these postulates, one more postulate may be used in order to prove some of the theorems in the present paper, namely:
(iv) A never vanishes at any O-point of $V$ .
We shall see that this postulate guarantees the mutual isolation of O-points.
Let $x$ be a non-O-point and $W(x)$ a maximal transversal hypersurface passing through $x$ . Moreover, denote the number of the O-point of $V$ by $N(V)$ . Then the complete answer to our generalized problem is as follws, provided that $M$ is assumed to be complete.
Case
In this case $M$ is homemorphic to the n-dimensional Euclidean space $or$ to the n-dimensional projective space. Case $\Pi$ ; $N(V)=2$.
In this case $M$ is homeomorphic to the n-dimensional sphere.
Case III: $N(V)=0$.
Let $g_{0}$ be an arbitrary translation on a trajectory $T$ .
Then there exists a diffeomorphism $g$ on $M$ whose restriction to Furthermore if we assume Pustulate (iv), then $N(V)$ is always smaller than or equal to 2. Therefore the above three cases include all the possibilities. Moreover, in Cape I and II, the metric of $M$ is completely determined and $M$ becomes Riemannian (see \S 5) ; and all the maximal transversal submanifolds are conformal to a $(n-1)$-dimensional sphere.
The present paper is divided into two parts, the first one of which is a preliminary on differential equations and the second one of wbich is assigned to the proof of the above theorem and some others including the ones on a generalization of certain theorems of W. Rinow [5] and on the characterization of the spaces of constant curvature by the following torse-forming vector field (in the large): The following lemma is obvious from an intuitive point of view and the strict proof is also given in a straight-forward way. Lemma 1.1. Let $J$ be an arbitrary set in an n-dimensional Eucli- dean space $E_{n}$ and $x_{0}$ a limiting point of J. Then we can choose a suitable sequence $\{x_{i}\}_{1\leq i<+\infty}$ of $J$ such that there is a curve $x(s)$ satisfying the following conditions, where $0\leq s\leq L$ .
(i) A monotone decreasing sequence $\{s_{i}\}_{1\leq i<+\infty}$ can be taken in such a way as this: ( 
1.1)
$x_{0}=x(0)$ and $x_{i}=x(s_{i})(1=1,2, \cdots)$ ,
The lemma stated below also is necessary for the proof of Theorem 1. 3) This case has been proved by S. Sasaki and M. Goto [6] as to the Riemannian space, but our results include that the spaces concerned become simply-connected ones.
4) $c_{1},$ $c_{2}$ , and $c_{3}$ mean constants; $c_{1}$ and $c_{2}$ are intimately connected with the scalar curvatures of the spaces and uniquely determined by these. (2) either $\gamma_{r}^{1}$ or $\gamma_{r}^{2}$ has a limit different from $x_{0}$ .
(ii) $\gamma_{r}$ has at least two points in common with
Among these cases, (1) of (i) never arises. This is easily seen from the corollary of Lemma 1.2. In Case of (1) 
This contradiction completes the proof of (1.8 
On the other hand, (1.12) implies (1.15) $||\varphi\{x(\tau_{2k-1})\}-r_{1}||\langle\frac{\epsilon}{3}$ and $||\varphi\{(\tau_{2k})\}-,*2||\langle\frac{\epsilon}{8}$ for a sufficiently large integer $k$ . From (1.14) and (1.15) we have 
This inequality is contrary to the preceding. This shows that $y(t)$ does not vibrate as
converges to $a$ from the left hand.
(2) The latter ease. A differential equation
has a solution $z(t)$ with $z(a)=0$ as its initial condition and defined as $a-\epsilon\leq t<c$ where $\epsilon$ is a suitable positive number and $c$ means the maximum value such that the solution can be obtained on $[a-\epsilon, c$ ). Because $y(t)$ may be assumed not to vanish on $a-\epsilon\leq t<a$ , consider a function $z^{*}(t)=$ $saedifferentia1equationas(2.2)-\frac{1}{my(t)}andrep1acey(t)in(2.1)by-\frac{1}{z^{*}(t),f}.Thenwegetexact1yIto11owsthatz(t)=z^{*}(t)----\frac{the1}{y(t)}$ for $a-\epsilon\leq t<a$ . We define $y(t)=-\frac{1}{z^{*}(t)}$ for $a\leq t<c$ .
The same problem as the above-stated occurs at $c$ and the procedure in (2') can be repeated. Now assume that we can not obtain $y(t)$ defined on $(-b, +\infty)$ by the repetition of the above-mentioned procedures. Then there is a monotone increasing sequence $\{a_{i}\}_{1\leq i<+\infty}$ such that
an interval which appears through these procedures and $\lim_{i\rightarrow+\infty}a_{i}\neq+\infty$ .
So it is obvious that $y(a_{2i-1})=0$ and $ y(a_{2i})=\pm\infty$ . We may suppose that The metric property will play hardly any r\^ole in our proving the theorems stated in \S 4, almost all of which are based only upon a nonmetric property of a vector field in question. In other words, our theory can be considered as an aPplicatiom of a certain much wider theory which has no immediate connection with the metric property and can be used in a much more extensive field of differential geometry.
From this point of view it is more convenient to treat of much broader conservative force field than a torse-forming vector field in the large. As one of them we take a pseudo-concurrent vector field, the local theory of which substantially coincides with that of a torse-forming vector field [21] , but the global theory of which is very different from that of a torse-forming vector field. A global example of that vector field is given by the so-called Appollonius' circles, whose radius vectors form that vector field [21] . But (3.1) .
In the present paper we call such a neighborhood $U(x)$ what satis-
Let $N$ be the set of all the O-points. For $x\in K_{\cap}N^{c}$ let us consider integral manifolds of $V$ con taining $x$ as neighborhoods of $x$ , for $x\in K_{\cap}^{c}N^{c}$ integral manifolds $W$ of containing $x$ , and for $x\in Nx$ itself. Then we can introduce a topology into $M$ by using them as basis (see [8] or [7] The following immediately follows from (3. 3):
This is contrary to the assumption. 
Pro of. In a coordinate neighborhood, we have
It is easy to obtain (4. 
Since dis $W(x_{i}, x_{j})\geq dis(x_{i}, x_{j}),$ $\{x_{i}\}$ is a Cauchy sequence of $M$ as well. Consequently $Hx\in M,\lim_{i\rightarrow+\infty}x_{i}=x$ where this convergence means one with respect to the topology of $M$ . On the other hand, from (4.1) we have (that is; $d_{0}$ ). Therefore (4.3) dis $W(x_{i}, x_{j})\geq d_{0}$ . This is contrary to (4.2 There exist a subsequence $\{x_{i_{k}}\}_{1\leq k<+\infty}$ of $\{x_{i}\}$ such that $\lim_{k\rightarrow\infty}x_{i_{k}}=x$ .
Consequently using Lemma 4.1, we have (ii) $\gamma^{*}:$ $x=x^{*}(\tau)$ is a continuous curve. Then (4.13) still holds for the segment $T^{+}(s_{i}^{(4)}, s_{i}^{(3)})$ . It is seen from exactly the same reason that $T^{+}(s)(s>s_{i}^{(3)})$ straightforwardly tends to $x_{0}$ . . Consequently $s_{1}^{\prime}\geq s_{1}-s_{1}^{\prime}$ .
This is contrary to the fact that $s_{1}^{\prime}$ is an arbitrary small positive number.
In the ca8e where
etc., the same arguments hold. On the other hand, (4.15) and (4.16) are not compatible for $s=\frac{L}{2}$ .
Hence $s_{0}\leq\frac{L}{2}$ . Thus we have (4.17 
at least three times. This can not arise because of Lemma 4.9. Hence This is contrary to the definition of $T^{+}$ (see \S 3) . By virtue of the above-stated theorems, we can easily see that the following theorems hold good. It seems to the present author that these theorems are a satisfactory answer to the topological aspect of the problem which is given rise to in the introduction of the present paper.
We shall deal with the metric aspect of the problem in \S 5. $\sqrt{H}$ can not be differentiable at $x_{0}$ . 
Proof. Let It follows from (6.4) and (6.5) that $\frac{dh}{ds}=1$ holds on ([19] or [2] is an equivalent of a Riemannian spaces admitting an isometry group I such. that dis $(x, x_{0})=dis(y, x_{0})\Rightarrow g(x)=y$ for some $g\in I(x_{0})^{15)}$ (see [5] ).
In one of his noteworthy paper [5] $ ds^{2}=\langle dp^{*}(dx), dp^{*}(dx)\rangle+Y\{p^{*}(x)\}\langle dp(dx), dp(dx)\rangle$ where $p^{*}$ is a natural mapping to the fibre and the metrics of the base and the fibre are the natural ones. It is readily seen that manifold Proof. Take 
